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Abstract. We study the Cauchy problem for the Gross-Pitaevskii equation 
with a nonlocal interaction potential of Hartree type in three space dimen- 
sions. If the potential is even and positive definite or a positive function and 
its Fourier transform decays sufficiently rapidly the problem is shown to be 
globally well-posed for large rough data which not necessarily have finite 
energy and also in a situation where the energy functional is not positive 
definite. The proof uses a suitable modification of the I-mcthod. 



1. Introduction and main results 

We consider the Cauchy problem for the Gross-Pitaevskii equation with non- 
local nonlinearity in three space dimensions: 

zl^-Aw = v{W * {1 ~ Ivl"")) (1) 



under the condition 



v{x,0) = vo{x), (2) 
■y — >■ 1 as |a;| — )■ -|-oo , (3) 

where v : R^+^ C. 

More generally one could also consider the condition 

\v\ -> 1 as +oo , (4) 

but for simplicity we restrict ourselves to ([3]). This problem was introduced by 
Gross [Gr] and Pitaevskii [Pj in order to model the kinetic of a weakly interacting 
Bose gas. Here W describes the interaction between bosons. The original equation 
reads as follows 

i^{x,t) + —Aij{x,t)^iPix,t) / V{x-y)\iPiy,t)\''dy 
at 2m J^n 

and is equivalent modulo normalizations to equation ([1]), provided * 1 is well- 
defined and positive, which in the cases we consider (under the assumptions (Al) 
and either (A2) or (A3) below) is obviously true. For a detailed derivation of our 
problem from the original Gross-Pitaevskii form we refer to [L] . 

The most studied case \sW = 5 {= Dirac function), which occurs in theoret- 
ical physics e.g. in superfluidity, nonlinear optics and Bose-Einstein condensation 
[C] ■ I JPRo] , I JR| ■ [KL] ■ For further references we also refer to the introduction of [L]. 
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Using the energy conservation law which in the case W ^ 6 is 

E{v{t)) = J {\Wv{x,t)\' + ^{\v{x,t)\' - l)')dx = E{vo) . 

it was shown by Bethuel and Saut jBSj , Appendix A, that the problem is globally 
well-posed for data of the form vq G 1 + H-^{M.^). Gerard ^Gej proved the same 
result for data in the larger energy space in two and three space dimensions. 
Gallo jGa| generalized these results to a class of local nonlinearities for data with 
finite energy and space dimension n < 4. The author [Pcj showed that global 
well-posedness holds true even for data with less regularity, namely vq = 1 + uq, 
where uq S iJ*(M^) for 5/6 < s < 1. To prove this result one uses Bourgain type 
spaces and the so-called /-method (or method of almost conservation laws) , which 
was introduced by CoUiander, Keel, Stafhlani, Takaoka and Tao [CKSTT] and 
successfully applied to various problems. 

We now want to study the problem for two types of nonlocal nonlineari- 
ties. Nonlocal nonlinearities were as mentioned above already introduced by Gross 
and Pitaevskii. In the case of three space dimensions Shchesnovich and Kraenkel 
|SK) consider W{x) = ^^^\|^| exp(— -i^) for e > with Fourier transform W{S,) = 
YqrjTiljj-. The case W — X{|a;|<a} (XA = characteristic function of the set A) was 
used in the study of supersolids |AB J) . | JPR) . [PR) . These examples are included 
in the class of nonlocal nonlinearities with suitable mapping properties and posi- 
tivity conditions on W considered by de Laire [L such that the Cauchy problem 
©I®,® is globally well-posed in the space + i/^(K"), where (f> has finite en- 
ergy and fulfills suitable boundedness assumptions, in particular — > 1 as 
— >■ oo. 

Our aim is to give similar results for less regular data. From now on we 
consider the case of three space dimensions and make the following 
General Assumption on W: 

(Al) : M3 ^ M is even, W G L^{R^), \W{^)\ < {0^^ G 

and either 

(A2) W{0 > e 

or 

(A3)T^(a;)>0 Vx^M^^ 

Let us remark, that W is real- valued and even, if W has the same properties. 

We have especially the following two examples in mind, which we mentioned 
above: 

Case A: Wix) = j^^e-\-\. 

We have W{0 = so that (Al),(A2) and (A3) are satisfied. 

Case B:W^ X{|2;|<a}- 

Obviously (A3) is satisfied. We also have W{£_) = a^2 1^|-2 Ja (27ra|^|), where 
J| is the Bessel function of the first kind of order |, which has the properties 
Ja (1^1) - 1^1 ^ as 1^1 < 1 and Ji (|e|) < ^ as |C| > 1. Thus (Al) is also satisfied. 

For simplicity we assume </> = 1 and consider ([1]) , (0) , (jS]) . As usual we trans- 
form the problem (H]) , ([2]) , by setting u = v — 1 into the equivalent form 

i^-Au + Fiu)^0 (5) 
u{x, 0) — uq{x) (6) 



where 



F{u) = {l + u){W * {\uf +2Reu)) 



(7) 
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under the condition 

M -> as \x\ ^ +00 . (8) 
Assuming W to be real-valued and even the conserved energy is given by 

E{u{t))^ J \\/u{t)\^dx + ^J{W*{\u\^ + 2Reu)){\u\^ + 2Reu)dx. (9) 

Remark that no i^-conservation law holds. 

Under our hypothesis on W de Laire's results [L] especially imply that the 
Cauchy problem © , © , © , ® is globally well-posed in C°{R,H^(R^)) for data 
uo G H^{M.^). We now show that this problem for data uq G H''{]&^) is globally 
well-posed in C°(R,H''(R.^)) , i.e. for vq € l + H'iR^), if 1/2 < s < 1 by 

application of the /-method. As usual the energy conservation law is not directly 
applicable for iJ*-data with s < 1. However there is an "almost conservation 
law" for the modified energy E{Iu), which is well defined for u S W (see the 
definition of / below). If we assume (Al)and (A2), this leads to an a-priori bound 
of II V/M(t)||i2, if s is close enough to 1, namely s > 1/2, because the energy 
functional is positive definite, a property which is usually assumed when the I- 
method is applied. If we assume (Al) and (A3) however it is not obvious that 
the i/^-norm of the solution can be controlled by the energy, because it is not 
definite. Nevertheless it is possible to modify the /-method in this case suitably, 
but the argument to get the required bound for ||V/w(<)||i2 is more involved. 
Once a bound for ||V/u(t)||i2 is achieved we can also deduce an a-priori bound 
for ||u(t)||i2, which together gives an a-priori bound for ||w(i)||i/s. 

The main results (cf. the definition of the Ar'''''-spaces below) are summarized 
in the following three theorems: 

Theorem 1.1. (Unconditional uniqueness) Assume (Al) and moreover (A2) or 
(A3), Uo G L^(R'^). The Cauchy problem (0), 0), has at most one solution 
u € C°([0,T],i2(R3)) any T > 0. 

Theorem 1.2. (Local well-posedness) Assume (Al) and moreover (A2) or (A3), 
s > and uq G //"(R'^). Then the Cauchy problem has a unique local 

solution u e X^'S+lO, (5] ,where 6 can be chosen as 5 ^ ||mo||^s°^^ . This solution 
belongs to C^{^,S\,H''{M.^)) and is also unique in this space. 

Theorem 1.3. (Global well-posedness) Assume (Al) and moreover (A2) or (A3), 
T > , s > 1/2 and Uo G H'^iR^). Then the Cauchy problem has a 

unique global solution u G X^'i+[0,T]. This solution belongs to C°([0, T], //^(R^)) 
and is also unique in this space. 

We use the following notation and well-known facts: the multiplier I = In is 
for given s < 1 and > 1 defined by 

where ^ denotes the Fourier transform with respect to the space variables. Here 
mAr(^) is a smooth, radially symmetric, nonincreasing function of |^| with 

1 |C|<A 
(^)i- \C\>2N 

We remark that / : //'^ — > is a smoothing operator, so that especially E{Iu) 
is well-defined for u G //*(R'^). This follows from W £ L^, Young's inequality and 
Sobolev's embedding ^^(R^) c L*(R^). 

We use the Bourgain type function space X™''' belonging to the Schrodinger 
equation iut — Am — 0, which is defined as follows: let ^ or denote the Fourier 
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transform with respect to space and time and T ^ its inverse. X™'^ is the com- 
pletion of 5(M X M^) with respect to 

ll/llx-^ = ||(0™(r)^-F(e-*^/(x,i))|lL^,^ - II (e)"(r + IC^^/CC, r)L._^ , 
For a given time interval / we define 

g\i—i 

We recall the following facts about the solutions u of the inhomogeneous 
linear Schrodinger equation (see e.g. |GTV| ) 

mt-Au = F , m(0) = /. (10) 

For 6' + 1 > 6 > > 6' > -1/2 and T < 1 we have 

For 1/2 > 6 > &' > or > 6 > 6' > -1/2: 

ll/llx"'.f''[0,T] ^T^^^ II/IIa'^.'Ict] 

(see e.g. [G], Lemma 1.10). 

Fundamental are the following Strichartz type estimates for the solution u of 
([TD|l in three space dimensions (see jCH| . |KT] ): 

with implicit constant independent of the interval / C M for all pairs {q,r), {q,r) 
with g,r,q,f > 2 and i + |: = f , i + |; = |, where i + ^7 = 1 and 4 + J7 - 1. 
This implies 

I!V'IIl5(/,l-(r3)) < IIV'll^o,i+(^) ■ 

For real numbers a we denote by a+, a + +, a— and a the numbers a + e, 

a + 2e, a — e and a — 2e, respectively, where e > is sufficiently small. We also use 
the notation (a;) := (1 + |a;p)5 for x e R^. 

The paper is organized as follows: in section 1 we prove the uniqueness result 
Theorem ll.ll and two versions of a local well-posedness result for ([S]) , (O , © , namely 
u £ X'^-2 + [0^5] for data uq E with s > (Theorem 11.21) . and a modification 
where V/u £ X°'2 + [0,(5] for data V/wq G fProposition l2 . 1 1) . which is necessary 
in order to combine it with an almost conservation law for the modified energy 
E{Iu). In section 2 we use these local results and bounds for the modified energy 
given in section 3 in order to get the main theorem (Theorem 11.31) . Under the 
assumptions (Al) and (A2) it is namely shown that the bounds for the modified 
energy immediately give a polynomial bound for ||V/u(f)||/^2, which can be shown 
to imply a uniform exponential bound for ||u(t)||i2, and as a consequence for 
||it(0ll7f=i which in view of the local well-posedness result suffices to get a global 
solution. Under the assumptions (Al) and (A3) we cannot immediately get a bound 
for ||V/u(t)||i2 from the bound for the modified energy, but first we have to show 
an (exponential) bound for ||/u(t)||i2, which together with an energy bound gives 
the desired (exponential) bound for || V/'u(i)||i2 and after that as in the previous 
case the global well-posedness result. In section 3 we first calculate ^E{Iu) for any 
solution of the equation ([S]) and estimate the time integrated terms which appear 
in ■^E{Iu), which is the most complicated part. In section 2 these estimates are 
shown to control the modified energy E{Iu) uniformly on arbitrary time intervals 
[0,r], provided s > 1/2 
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2. Uniqueness and local well-posedness 

Proof of Theorem \l.l\ Let u,v E C''([0, T], L^)) be two solutions. Using Strichartz 
type estimates in order to control 



we have to estimate the various terms of F{u) — F{v). By (Al) and the Hausdorff- 
Young inequality we have W G ioi 1 < p < 3 so that by Young's inequality we 
get 

\\{W * \u\^){u ~ .1+^2- <\\W^ I^HIl^+l- II" - 



^ l|W^llLrll"llr.^+r2ll"-l'llL?L6 



<T---\H\l^Llh-v\\LUl 

\\iW*i\u\' - \v\'))v\\^^^^.- < \\W*{\u\' - \vn\\^.^^^-\\u\\^.,^.^ 

<\\w\\^s-\\\uf~\vn.\\u\\^.,^. 

\\{W * Reu){u - v)\\lIli ^ W * ReuW^iL^Wu- v\\l.^l2^ 

< \\W\\l2T\\u\\l^li\\u~v\\l^li 

\\W*Re{u- v)\\lili < \\W\\liT\\u\\l^li\\u ~ vWl^lI 

Similarly the remaining terms can be estimated. Therefore, choosing T small 
enough, we get u = v. □ 

Next we prove the local well-posedness results. 



Proof of Theorem \1.SX We want to apply the contraction mapping principle in the 
Bourgain type space X^^2 + [o, S\. We have to estimate 

\\{W*{\u\' + 2Reu)){l + u)\\^^,_i^^, 

We denote by the operator with symbol |^|' and similarly by (D)' the operator 
with symbol {^Y . In order to estimate the cubic term by j2+*-||i(||3 ^ -^q have 
to show (ignoring complex conjugates, which play no role for the calculations): 



r ^ 



i=l 

This is sufficient, because we can assume w.l.o.g. that the Fourier transforms 
Ui{^i,Ti) and "0(^1 ''") nonnegative, so that using the fundamental assumption 
1^(01 ^ it is possible to replace here and in similar situations in the fol- 

lowing the convolution with W by application of (Z?)~^. Using the Leibniz rule for 
fractional derivatives we reduce to the estimates (assuming w.l.o.g. |^2| > ICiD- 



3 

ii(i?)-2(^i(i?)'^^2W^L., <^^+^-nii"^iix-i+ii^iix°.t- 

3 

||(i?)-'(zilZi2)(i?)^Zi30IUL^'5^+-[]||u,||^,,,J|V.||^o,i 

1=1 

{D)-\u,{Dru2)u3i^\\Li, < \\{D)-\u,{DruM\Ll^L4i^\ 



and 



We get 
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and 

< \\ui{DyU2\\Li + ^4u3\\L^Hi 

^ \\ui\\Ll + LiJ{DyU2\\Lf-Ll\\u3\\LrHi 



3 
i=l 



Here weset| = i- f,| = f,4 = | + f,so that C , and 4 = i + f , 

i = i + |s , so that C Ll, and finaUy i = 5 - « , so that ^ + ^ = |, which 
allows to apply Strichartz' estimate in the last line. Similarly we get 

\-2/„, „, \/n\s„, II ^ ll/n\-2/ 



I 1 -- 



< l|"l"2|L |+||«3||^.,i + 



< ||ui|liJ + i*||M2|li=.i|||u3|l^..i + 
<^^+^-||ui||^^^.,H|u2||L^H|||^i3||^.,l + 

Here 4 = i - f , 4 = i + ,4 = i + |s- , 4 = i - s+ , so that 4 + 4 = | 

g 2 3't> 6 3 't 6 3 'mi 2 ' ii; 2t 4 

allows to apply Strichartz' estimate again. 

The quadratic terms are handled as follows (assuming again |^2| > l^iD- 

||(i5)-2+^Ku2)|li;+i. < ||(i?>^Ku2)IL;+i. < hi(i^)^u2lLj+ii 
and 

||(i?)^(((D)-2^.l)«2)IL;+^. 

< ||((i?)-2+^«i)u2lLj+i. + ||(i?)-V(i?)^ii2lLi+i. 

< \m-^^^u^\\^.^^^\\u2\\LTLi + ||(i?)-V||L~ ||(i?)^^^2lL;+^. 

< 5i-||(i:')''ui||ic.i2||u2||Lri^ +'5^"l|wilUri^lK^)'"2lU-L2 

<(5i-||ui||^,,i + h2||^.,i+. 

Similar estimates hold for the difference F(u) — F{v), so that a standard Picard 
iteration under the conditions (J""*" 2 - ||Mg|||^^ < 1 and (5^^||wo||//» ^ 1 shows the 
existence of a unique solution in X^'^^[0,6] C C'^{[0,6],H''). It is also unique is 
this latter space by Theorem ll.il □ 

Remark: This Theorem shows that in order to get a global solution it is 
sufficient to give an a-priori bound of 

We next prove a modified local well-posedness result involving the operator 
/ (recall that / depends on s and N). 

Proposition 2.1. Assume s > and V/wq G i^. Then the Cauchy problem 
©J®;© (o-ftsi^ application of I) has a unique local solution u with VIu G 
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X'^'5+[0,(5] and ||V/w|| o,i+r ^ \/M||V/uo||i,2 , where M > 1 is independent 
of uo, and 6 <1 can be chosen such that 

Proof. The cubic term in the nonlinearity will be estimated as follows (dropping 
[0,^] from the notation): 

ri_ 3 

\\vi{w * («i«2)«3)ii^o,-^++ ^ + '^'") n \\^i^i\\x°'i+ ■ 



7V2 

1=1 



This follows from 



A:= [ [ M(ei, 6, 6) n Uii^i, t)i;{U,t)d^id^2d£,idUdt 
Jo J* 

<i^-^ + s'-)tlM\^o.iM\^o.i,, 



=1 

where 

m(6+6+C3) 1^1+6+6 



m(6M6Me3) (6+6)21611611^31 ' 

and * denotes integration over the region 6 = 0}- We assume here and in 

the following again w.l.o.g. that the Fourier transforms are nonnegative, and also 
w.l.o.g. that 161 > 161- We again used the property |W(6| ^ (6~^- 

We make a case by case analysis depending on the relative size of the fre- 
quencies. 

Case 1: |6I > 161 > 161 > A^- 
la. 16+6+61 >A^- 
We get 

M(f P M^ITf'^-'li- ^''^ 16+6 + 61 

Ui,^2,43; ^ ii^ N > + 6 + 61^-^ 161161161(6+6)2 

^ 1 i6r 1 



^2(1-.) |Ci|^|6l16h(6 +6)2 ^ NH^.+i^Y 

This implies by Sobolev's embedding and Strichartz' estimates: 

A^^\m-HuiU2)\\LTLl\\uz\\LlLl\mLlLl 
< -^\\uiU2\\LfLl\\uz\\LlLl5'^~M\Lf-Ll 

lb. |6 + 6 + 6l< A^- 

We have 

N 



M(6,6,6)<n(^)' 



161161161(6+6)2 
< ^ < 1 



16 1161161^(6 +6)2 ~ N^i^+i2? 

as in case la. 

Case 2: |6| > |6I > 161- 

This case can be treated similarly as case 1. 

Case 3: |6I > 161 > iV > |6|. 
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3a. 16+6+61 >A^- 
We get 

M(P P I6l^-^l6r-^ ^^-^ 16+6 + 6 

-'^(6)6)6) 



ATi-a ATI-. |^,+ ^2 + 61^-^6 1 16 1 161(6 +6) 
< \^ < 1 



2 



l6l16l16|A^^-^(^ + 6P ~ Ar|6K6+6)' ' 



so that 



A < ^\\{D)-^{uiU2)hrLl\\D-\sh^L^jmLlLl 

<^s'-\\uiu4LrLi\\ushrLi\mLr-Li 

i=l 

3b. 16 +6 + 61 

Similarly we get 



JV1-. JV1-. |ei||{2||&|({i+&)^ ~ WIJaKfi+fe)" 

as in case 3a. 

Case 4: |6|, 161 > iV > |6|. 
Similarly as in case 3 we get 

1 



M(6,6,6) 



< 



A^I6l(6+6)^' 

so that by Sobolev's embedding and Strichartz' estimates 



<^s'-\\u,D-\2\\^^_^lM\LrLi\mLr-Li 

1=1 

Case 5: |6I > » 161 > |6|- 

We have 

M(>: P P\< l^^l'"^ 16+6+61 

jW(6,6,6) ^ 



< 



N'-' 16 + 6 + 61^-^ 16 1 161 161 (6 + 6)' 
1 



161161(6 +6>2' 

leading to 

A<\m-'{D-\^,D-'u2)\\LrL^\\u3\\LrLlMLlLl 

<s'-\\D-'u^D-'u4LrLi\\us\\LrLiMLr-Li 
<5i-||Z)-it.i|U^z.e||i?-i«2||LrL6||«3lUrL|llV'ILr-LS 



^'^nikiii^o.i+iiv'ii^o.j 



< 

i=l 
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Case 6: |6I > » 
Similarly as in case 5 we get 



< 



161161(6+6)^' 

which implies 

A < 6'-\\{Dy'iuiD-\2)\\LrLi\\D-'usU^Li\m^^ 

<S'-\\u4LrLl\\D-\2\\LrLt\\u3hrLl\mi^^-I^. 
i=l 

Case 7: 7V» |6|,|6|,|6I- 
We easily get 

^/r^c c c\< 16+6+61 ^ 1 „^ ^ 



161161161(6 +6P ^ 161161(6 +6P ^ 161161(6+6)^ ' 

which can be handled like case 6 or case 5. This completes the claimed estimate 
for the cubic term. 

Next we consider the quadratic terms in the nonlinearity. They turn out to 
be less critical. First we prove the estimate 

ri- 

||V/W/*(«ll.2)||^o,-l++ <(^ + '5l-)||V/wl||^o.l+||V/«2||^o.i+- 

This follows from 

i=l 

2 



J* 



1=1 



where 



M(6,6)-™^^^+^^^ l^^+^^l 



m(6)m(6) (6+6)'l6ll6l 

and * denotes integration over the region {J2^=i^i = 0}- We assume w.l.o.g. 

161 > 161- 

Case 1: > |6I > A^- 
la. 16+61 
We get 



ATI-. ATI-. |^,+ ^2 1 1-^6 1 16 1 (6 +6)2 

l6+6r ^ 1 
l6l16hA^i-^(6 + 6)2 ~A^(6+6)2' 



1^ 
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SO that by Strichartz' estimates 

< j^S^-\\ui\\LooLl\\U2\\L^^Ll\\-4'\\Lr-Ll 

Ib. 

This case is similar to case la. 

Case 2:7V>|^2|and|a|»|6l- 
One has 

16+6 



M(ei,6) 



< '^-^ ' < 



2 ' 



SO that 



B<\\{D)-'iu,D-\i2)\\LUlML^,Ll 

< S^-\\ui\\L^L2\\D-^U2\\L^Ll\mLr-L^ 



^ ll"l|lxO,i+||w2||^o,l+|,rM^u,,- 

Case 3:iV> 161- 
This case can be handled like case 2. 
Finally we show 

||V/((W^ * «l)U2)||^o.-i++ < ^^-||V7«l||^o,l+||V/W2||^o,l+ . 

Here B is as in case 2 with 

m($i+6) 16+61 



M(a,6) := 



m(6)m(6) (6)^161161 ■ 

Because the estimates are similar to the previous case we only consider the most 

critical low frequency cases. 

Case 1: l^il » |6I and N > |6| (or N > |6| ~ |6I)- 
The estimate 



implies 



(6)^161 

B < \\{D)-^D-\4L^Ju2\\L^^LlMLfLl 

< l|Wl|UriSll"2||l,2i,2||V||l,2i2 

<<5^-||t.l||^o,l+ll«2||^o,l+IIV'll^o.i-- 



Case 2: jCil > |6I and AT > l^sl- 
The estimate 



M(6,6)< 



(6)^161 

implies 

B < ||(i?)-V||LrL|P"VlL2^e||VIL2^. 

£ <5^"l|wi||L~L^||u2||L~L2||V'||ioo-^2 

<^'"|kl||;,0.^+h2||^0,i+Mi^0,i-. 
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We remark that similar estimates can be given for the difference terms in order to 
use Banach's fixed point theorem. In order to get a contraction we have to fulfill 
the estimates 

((55-iv-2 + (5^-)||V/uo|li2 < 1 and {S^' N'^ + S^-)\\V IuqWl^ <t: I . 
The latter requirement is weaker, so that the claimed result follows. □ 

Remark: We want to iterate this local existence theorem with time steps 
of equal length until we reach a given (large) time T. To achieve this we need to 
control 

\\\7Iu{t)\\L2 < c{T) VO<t<T. (11) 
This will be shown under the assumption uq G i?" with s > 1/2. 



3. Proof of Theorem 11.31 

In this section we first show that the bound PT|) implies global well-posedness 
and after that we derive such a bound from the estimates for the modified energy 
E{Iu) in the next section. 



Proof of Theorem ] 1.3[ So let us assume for the moment that pT|) holds. This 
means that on any existence interval [0,T] we have an a-priori bound (for fixed 
N) of 

\\\7iu{t)\\L. ^ mmMLHunKN}) + \m'u{u)\\LH{\i\>N})N'-^ , m 

especially 

lllCr«(e,i)llr^({|CI>i}) <c(T). (13) 

If we can show that this implies an a-priori bound for ||M(<)||i2, which is done in the 
following lemma, we immediately get an a-priori bound for ||u(i)||ijs , < i < T , 
thus a unique global solution in X'''2 + [0,T] C C°([0, T], iJ'*) for any T using our 
local well-posedness result f Theorem 1 1.2p . which is also unique in this latter space 
by Theorem [TTJ □ 



Lemma 3.1. Assume Ull]) and s > 1/2. On any existence interval [0,T] of the 
solution u G X'^'^^[Q,T] we have ||u(t)||^2 < c(T). 

Proof. We smoothly decompose u = ui -\- ui with suppul C {|^| < 2} and 
suppui C {1^1 > 1}. Then we have by Gagliardo-Nirenberg 

< \\ui\\l^ + \\u2\\l^<\\Vui\\1^\\ui\\1^ + \\\D\^U2\\l^ 

< iiv^.iiii.hiiij. + iiii?r^.2ii!ih2iii;* 

< iiv7.iiii. + ihiiii|, + iiu2iii + iiii?r^2ii|f^, 

so that by (in|),((l2|) and (US]) we get on [0,r]: 

Mt)\\is < \m^r,{u)\\h + WMmh + WMmh + m\'^iu)\\]!^ 
< c'{T){\\umi, + i). 
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Multiplying the differential equation ([5]) with iu and taking the real part we get 
by Young's inequality, because W ^ is real-valued: 

^MMh^ [{W'i'{\u\'^ + 2Reu))udx + Rei [ {W * i\u\^ + 2Reu))\u\'^dx 



dt 

< 



\W * {\u\^)\\u\dx + 2 / \W*Reu\\u\dx 



<\\W*\uf\\^.\\u\\L^ + \\u\l. 
<Mls + \\u\\l. 
<c'iT){Mt)\\l. + l) 
so that Gronwall's lemma gives 

hWlli. + i<(lh.olli. + iK'(^)^ 

on[0,T]. □ 

We recall our aim to give an a-priori bound of \\WIu{t)\\i^2 (cf. ([11}) on [0, T] 
for an arbitrarily given T. We want to show this in the rest of this section as a 
consequence of Proposition 12.11 and the estimates for the modified energy which 
we give in the next section. 

Let TV > 1 be a number to be specified later and s > 1/2. Let data uq G H'^ 
be given. Then we have 

liv/iiolli. < m\Mmhim<N}) + \\N'-'\^\'Mmhim>N}) (14) 

This implies an estimate for \E{Iuo)\ as follows: we have by Young's inequality, 
using W £ L^: 



2 

L2 



I J {W*{\Iuo\^ + 2ReIu„miuo\'' + 2ReIuo)dx\ < Ij/T/oHi* + H^^olli-^ + |l/iio|l 
Now by Sobolev's embedding 

ll^'^olli* < II^Moll^l < IIICI^Wo|li2({|5|<Ar}) + llj^T^I^I^«o|li2({|^|>jv}) 

using in the last line the assumption s > 1/2. Moreover 

ll^"o||i3 < ||/«o|p. 1 < < \\uo\\%s 

and 

WluoWh < ||uo||i2 , 

so that 

\E{Iuo)\ < coN^^'-'^ . 

The local existence theorem (Prop. 12. ip implies that there exists a solution u on 
some time interval [0, 6] with 

ll^^^ll^-^ + [o..-] - ^-^ll^^^olli^ ^ coMiV2(i-)+2^ (15) 
under the assumption ||V/uo||^2 < cqA^^^^"^"*''^'', where e > and 

1 



NONLOCAL GROSS-PITAEVSKII EQUATION 



13 



Now we use the results of the next section. We have the fohowing estimate 

\E{Iu{S)) ^ E{Iuo)\ (17) 



If we use (fTSj) and (jl6p we easily see that the decisive term is 

^1- 6 ^ Ar4(l-s+e) jy6il-s+e) 

This is the bound for the increment of the modified energy from time to time 
S. Similarly we get the same bound for the increment from time t — kS to time 
t = {k + 1)6 for 0<fc<T/(5,fc€N, provided we have a uniform bound 

\\^Iu{kS)\\l2<2coN^^^-'+'\ (18) 

which implies 

||V/uf„i^ < 2coM7V2(i--+0 (19) 

" "x°-^ + [kS,ik+l)S] - " ^ ' 

by the local existence theorem. The number of iteration steps to reach the given 
time T is T/6, so that the increment of the energy from time t = to time 
t={k + 1)S, 0< k <^,is bounded by 

rp Ar4(l-s+e) Ar6(l-s+e) 

m- ^ iV2- 

independently of k, if TN^- N^^^-''+''^ < N^i^-^) and tN-^+N^'^^^ < 
jY2(i-s) 'pj^ggg conditions are fulfilled for N sufficiently large, if 

s>^ + 2e<^e< ^ , (20) 

as one easily calculates. Choosing e sufficiently small this condition is fulfilled 
under our assumption s > 1/2. We recall again that we used (fT5)) .We arrive at 

|£:(/M(t))| < 2co7V2(i-^' Vi G [0,(fc + 1)^] , < fc < ^ , fc fixed. (21) 



Now we consider the cases where either (Al) and (A2) or else (Al) and (A3) hold 
seperately. 

If (Al) and (A2) hold we have W{£,) > 0, which immediately implies that the 
energy functional is positive definite, both terms in Q are namely nonnegative, 
so that one gets 

\\VIu{t)\\l2 < E{I{u{t)) < 2coN^^^-''^ 

for < t < {k + 1)6 and < fc < j , where cq is independent of k and where we 
can choose e = 0. Remark that on the r.h.s. the same constant 2co appears as in 
((TH|). Thus step by step after ^ j steps we get the desired a-priori bound 

\\viu{t)\\L2 < c{T) yo<t<T. 

Thus we are done in this case (modulo the results of the next section) . 

If (Al) and (A3) hold, the energy functional is not necessarily positive definite 
and it is more difficult to obtain a bound for ||V/u(t)||L2 from energy bounds. 

We follow the computations of de Laire [L in this case and get 

E{Iu) = \\S/Iu\\l2 + l I {W * {\Iu\^ +2ReIu)){\Iu\^ + 2ReIu)dx (22) 



\\VIu\\l2 + h{Iu) + ~h{Iu) + h{Iu) , 
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where 



ii{Iu) J {W * ReIu)ReIudx 

hilu) := \ J{W * + ARe (Iu){)dx 

h{Iu) :=]- j{W* |/Mn(|(/M)2p + 4i?e {Iu)2)dx . 



\ J{W*\Iu\')\{Iuh\{\{Iuh\-i)dx 
>\ [{W* \Iu\'')\{Iu)2\dx =: .h{Iu) > . 



Here 

{Iu)i -.^ IuX{\Iu\<5} , {Iu)2 ■■= IuX{\Iu\>5} ■ 

We used that W is even which imphes 

J {W 'i'\Iu\^)ReIudx = J (W 'i'ReIu)\Iu\^dx. 
Using W e L^(M'^) we easily see that 

\h{Iu)\ + \i2{Iu)\<\\Iu\\h. 

Moreover using (A3) we get 

l3ilu)>l liW.lIul'miuhl'-ililuhDdx (23) 

1 
2 
1 

2 _ 

This imphes by ([22]) 

|lV/u|li. + hilu) < \EiIu)\ + a\\Iu\\l. . (24) 

In order to estimate ||/'u|||2 we apply I to the differential equation ([5]), multiply 
with ilu and take the real part. This leads to 

^\\Iu\\l2 = Im{F{Iu) - IF{u),Iu) - Im{F{Iu),Iu) . (25) 
Let us consider the first term on the r.h.s. We get 

Im{F{Iu) - IF{u),Iu) = Im{{W * \Iu\'^)Iu - I{{W * \u\'^)u), lu) 

+ 2Im{{W * {Relu))lu - I{{W * Reu)u),Iu) 
+ Im{{W * l/Mp) - I{W * |up), lu) 
+ 2Im{W * {Relu) ~ I{W * Reu),Iu) 
= Im{I{W * litp) -{W * \Iu\^), lu) , 

Now we claim 

Ak+l)5 

/ {I{W*\u\^)~{W^\Iu\^)Ju)dt<N-H\\VRLf . (26) 

Using 1 1^(^)1 < -j^ and defining 

, ^ |m(6+6)-r/^(6)m(6)l 1 
m(ei)m(6) 

we have to show 

^(fe+i)i5 r ^ ^ 

A:= / / M(ei,6)n^^(^-*)'^^i^?2rf6rft<A^~''5nii"»iiio.i+, 
-''^^ •'* i=i i=i 
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where * denotes integration over {J2i=i^i — 0}- We assume w.l.o.g. |^i| > |^2|- 
Case 1: 1^1 > |6I > ^: 
We have 

M(a,6)<(W)n¥)- ' 



Thus 

A < N-^\\u,\\liJ\u2\\l2 J{D)-^D-\3\\l^^, 
< N^'^6\\ui\\lo.^2\\u2\\l^li\\D^^U3\\l^l6 

3 
i=l 

Case 2: 1^1 > iV » |6| |6I ~ 161 > N) 
By the mean value theorem we get 

161 1 



< 



lai (a +6)^161161161 ■ 

Thus 

A < N-mD)-'{u,U2)hlLl\\u3\\LrLl < N-'S\\mU2hrLi\\u3\\LT 

3 

<N-^Sl[\\u.,\\^,,.^, 

which completes the proof of (j26p . 

Next we estimate the last term in (123. We have 



\Im{F{Iu),Iu)\ = \Im J {W * {\Iu\^ + 2Re Iu))il + Iu)Iudx\ 
= \Im J{W* + 2Re Iu))Iudx\ 

<2 [ \W * Re Iu\\Iu\dx + [ {W * \Iu\^)\{Iu)i\dx + [ {W * \Iu\'^)\{Iu)2\dx 



< 



\\Iu\\l, + .h{Iu) < \\Iu\\l, + h{Iu) < \\Iu\\l, + \E{Iu)\ 



by ((23]) and (1241) . 

From (Uni) we conclude for kS < t < {k + 1)S: 

\\iumi.-\\iu{ks)\\i. 

r{k+l)S i-t 

<c^{N-^5\\VIuf , + / \E{Iu{s))\ds+ / \\Iu{s)\\l.ds) . 

Now we have 

ci{N-^S\\\/Iuf , 1^ < ci(2co)*iV-2,57V3(i-^)+3. < C26N^^^-'^ , 

provided (fT5)) holds (and therefore ([T^ l and e is sufficiently small. Using the 
uniform energy bound ([21]) we get for t £ [kS, [k + \)S\: 

\\Iu{t)\\l, < \\IuikS)\\l2 + C2SN^^'-''> +2coSN^'^^''^ + ci f ||/u(s)||i.ds . 

Jk& 

Gronwall's lemma implies 

sup \\Iu{t)\\l, < {\\IuikS)\\l, + C3<5iV2(i-^))e^i^ 

kS<t<{k+l)S 

under our assumptions (j2ip 

\E{Iu{t))\ <2coN^^^-''> on [0, (fc + 1)^] 
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and (dH) 

||V/u(M)|li. < 2coiV2(i-s+e) 
Here ci and C3 are independent of k. Using the bound for ||/u(A:(5)||^2 this imphes 
sup \\Iu{t)\\l, < [{\\Iu{{k - l)S)\\l, + C3<5iV2(i-^))e^i* + C3SN^^^-''>]e''^ 

kS<t<(k+l)S 

= \\Iu{{k - l)S)\\l2 e^^'^ + C3<57V2(i-^)(e2^i*' + e^^*) . 
Iterating this procedure after k < -j steps we arrive at 

T 

sup \\Iu{t)\\l. < ||/uo||i. e*^^^ + C3<57V2(i-^) V(e^^^)' 

k5<t<(k+l)S 

~ a 

choosing N so large that e^i-'" ^ TV^ with a small e > 0, which fulfills ([20)) . and 
also so large, that ||Mo|li2 <C A^^^^"'*). We used 

T 

^ 6=1-5-1 - 5 ■ 

This bound for \\Iu{t)\\L2 for t G [/c(5, (fc + 1)5] implies by dM]) , (HH) , (gH) : 
||V/u(t)||i. < \E{Ium+a\\Iu{t)\\l2 

for i e (fc(5, (fc + 1)(5] (and choosing N so large, that A^^e > 2), the same bound 
which we had for t = kS {ci. ([T5|. By iteration we thus get 

sup \\VIu{t)\\l2 < 2coN^^^-'+'^ =: c(T) . 

0<t<T 

This completes the proof of the a-priori bound for ||V/u(t)||i2 for the problem 
under the assumptions (Al) and (A3), so that now holds in both cases. Thus 
the global well-posedness result is proven (modulo the results in the next section). 

4. Estimates for the modified energy 

In order to estimate the increment of the modified energy E{Iu{t)) of a 
solution u of the Cauchy problem ([S]) , dl]) , ([7]) from time to time + say = 
for ease of notation, we have to control its time derivative. We calculate 

= 2Re {~AIu, lut) + ^ J{W* {luIut + luJu + 2Re Iut)){\Iu\^ + 2Re Iu)dx 

+ \ j {W * {\Iu\^ + 2ReIu)){IuIut + IuIut + 2ReIut)dx 

= 2Re{~AIu,Iut) + 2Re {{W 'f' {\Iu\^ + 2Re Iu)){l + lu), lut) , 
where we used that W is even, so that the second and third term coincide. Now 

-AIu = -ilut ~ IF{u) , 
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SO that 

—E{Iu) = 2Re (F(Iu) - IF{u),Iut) 
dt 

= 2Im {{V{F{Iu) - IF{u)),VIu) - {F{Iu) ~ IF{u), IF{u))) 

and 

\f^E{Iu)\ < 2{\{V{F{Iu) ~ IF{u)),VIu)\ + miu) ~ IF{u),IF{u))\) (27) 
with (cf. ©) 

F(u) = (1 + u){W * (|itp + 2 Reu)) . 

This especiahy shows the standard energy conservation law (setting / ~ id). 

The estimates which now follow are given in terms of bounds of Fourier 
transforms of the corresponding functions. The only property of W which we use 
is the bound |W^(C)| ^ (C)^^i ^o that both cases, namely assuming either(Al) and 
(A2) or else (Al) and (A3) can be handled in the same way. The most critical cases 
are the terms of fourth and third order of the first term on the r.h.s. of (P7)) and 
the term of sixth order of the second term. In fact we shall refer to the estimates in 
the case of the local Gross-Pitaevskii equation, where = 1, in our earlier paper 
[Pe| for the remaining terms of lower order on the r.h.s. of (P7|. 

We start with the terms of highest order in the first term. Taking again the 
time interval [0, 6] instead of [kS, [k + 1)5] just for the ease of notation we claim 

lv{{W * \Iu\')Iu I{{W * \u\'')u)),VIu)dt\ <{^ + ^)||V/^||^„,.,^^ 

(28) 







Here and in the following we use dyadic decompositions with respect to the space 
variables ^i, where ~ Ni with Ni = 2*^' , fc^ e Z. In order to sum the dyadic 

parts at the end we always need a convergence generating factor o+"" ; where 

max 

Nmin and N^ax is the smallest and the largest of the numbers Ni, respectively. 
Nmax > N{> 1) can be assumed in all cases, because otherwise our multiplier M 
is identically zero. We have to take care of low frequencies especially, because we 
need an estimate in terms of V/u. Assuming w.l.o.g. that the Fourier transforms 
are nonnegative we have to show: 



A:= f j M(a,6,6)n".(C,i)rfei-c«?4dt<(^ + ^)n 



Ml ..n 1. 



'iix"'i+[o,5]' 

i=l i=l 



where * always denotes integration over {J2^i = 0}j and 

\m{^i + 6 + 6) - m(ei)TO(6)m(6)| +6+61 



m(6)m(6)m(6) (6 + 6)^161161161 ' 



Case 1: A^g > TVi > N2. 

In this case we have N3 ^ N4 > N , N2 — N„iin and A^3 ^ N,nax- By the mean 
value theorem we get 

N^ 1 

M(6,6,6)< 



A^3 A^il6l(6+6 
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and by Holder's inequality, Sobolev's embedding and Strichartz' estimate we get 

A < ;^||(i3)-^(i3-^n2^^i)||^^~-i~-||u3lL^+i^+||^^4|U2^| 
^1- 

* 3 t 3; 

using < ^2 + lk2|U,~L2 and ||u3||ic.^2+ < N^u^Wl^lI- 

Case 2: TVi > N2, N3 and iVi > N. 
We have similarly as in case 1: 

M(Cl,6,6)<T7^ 



iVi |6|iV3(6+6)' 

and get the same estimate as in case 1 interchanging the roles of Ni and A^s. 
Case 3: Ni ~ N3 iVi, iVg > N) 
In this case we get 

Ni.i_,N3.i_,Ni 



a. N2 > N. 
We have 



^0+"'jy2- ll^'^) ^(Wl^i2)||i2^3-||U3||z,OOi2||U4||i2i6+ 

jyO+jy2- ll"l"2||^oc^i+||M3|U~L^ 11^411^0,1 + 



< -'4 
"V3 

<^i(iA<L)rriu, II 

-''max-'i' 

using ||u4||2,22,6+ < -^4^||w4||l2^6 < 11^411^0,^+ by Strichartz'estimate. 

b. iV2 < A^.* 

In this case we get 

A< ^0+^;^iJ K-P)"'(»i-P"V)ILi^,--ll^3lUrLglK4lLo.^2+ 



< 



< 



5 



— g:p— ^W2|| 3 + ||w3||i,oci2||u4||^^„„^2+ 
5 



\\ui\\l^Li\\D ^W2||iooi6+||u3||z,~Z,j||W4||i=oi2 



^ ^(lAiV°t) -^ 



i=l 
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Case 4: iVi - iVs > N3 Ni,N2> N) 
In this case we get 

N-i 1 N-? 1 N-i 1 1 

1 ,N3,i_ 1 



< 



The case N3 > N is handled hke case 3a, whereas in the case N3 <^ N we get 
< '^(1 A ) 



^ '^(lA<+) -Q 



Case 5: TVs - iVg A^i > A^2 ~ N3). 

If A^i » N2 we are in the situation of case 2, otherwise Ni ^ N2 ^ N3 > N , so 
that 

A^i 1 iVo 1 A'"^ 1 1 



< 



1 1 



as in case 3a. 

Dyadic summation gives estimate ([28]). 

We next consider the cubic part of the first term on the r.h.s. of (P?]) . 
We claim 

I j\viW * i\Iu\') - HW * \u\^))yiu)dt\ < i|-||V/^.||^„,.,^^^^j . (29) 
We have to show 

B:= f [ M{^,,^2)]lu^{i^,mld^2d^^dt < ^l[\\u,\\^„,. 

with 

M(a,6) := ^(^1 +^2) -™(6M6)I 16+61 



m(a)m(e2) (a + 6)2161161 

Case 1: Ni > N2 > N. 

We have 

so that by Strichartz' estimate: 

B < r^^^ \\{D)-\UIU2)\\^1L2-\\U3\\^^^2 + 



< 

^max 

Si(lAN°+) ^ 

" \ ' ' mill / 
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Case 2: TVi > iV > N2. 

Similarly we get by the mean value theorem 

No I 1 
Mffi fol < — < 

leading to the same bound as in case 1, thus (1291) is proven. 
Concerning the second cubic term we claim 

\v{(W * Iu)Iu - I{{W * u)u)), VIu)dt\ < J^WVIuW^,^,^^^^^^ . (30) 
We again have to consider a term like B but with 

|m(ei + 6)-"^(eiMe2)i 16 + 61 



We concentrate on the more difficult case N2 > Ni and have to consider 
Case 1: TVs - TVi > N. 
We have 



3- 



Thus 



6(1 A A^''+ ) a 

<; "\ ' ' mm / at 2 
-^»max-^v-|^ 



i=l 

3 



^0+ ^1- llH"'«iix«.4 + 



Case 2: TVs > A^i N2 > N). 
By the mean value theorem we get 

M(a,6)< ' 



so that 



N2 {(i)^Ni 7V2(a 

5 



S < -o^-—\m-'u,\\LrLr\W2\\LrLl\\u3\\LrLl 
J V max J* 

Thus (1201) follows. 

We now have to consider the sixth order term on the r.h.s. of (j27l) . Our aim 
is to show the following estimate: 

^ 'r)llV/u||^„ 

(31) 



I / {{W*\Iu\-')Iu~IiiW*\u\-')u),I{{W*\u{')u))dt\ < {^ + ^)\\VIu\\^^„ ,^ 







We have to show 

C:^ f I M{^^,...,£,^)\[uM,,t)dS,,..A£,^dt<{-^ + ^)\{\W 
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with 



M(Ci,....,6) m(ei)m(6)m(C3)(ei +6)2 



m(e4 + e5+e6) 



\2 



We assume w.l.o.g. A^i > and N4> N5. 
Case 1: AT > > iV5 and N > TVe- 

a. A^i > 7V2 > > N3. 

In this case wc get 

• 11(D) -2(D-lu4£)-lu5)||iooioo||£)-lu6|liooi6+ 

(5 



||wiM2||i:,-ii||£> ^UsW^oo^e+WD ^U^D ^U5\\^ooi^l+\\D ^U6\\i^ooi^e+ 

A 

< 



• ll'D"^W6|lz,ooi,6+ 

- ArO+ /V2- 

b. Afi,7V3> Af> ATs. 
The estimate 

A''i 1 N-i 1 1 



implies 

C< ^0+ j^3_ ll-P~^m|Ur^gll^~^^2||i,ooj,6+||M3|U~I,g 

• 11(D) -2(£)-lu4D-ln5)||^oc^^~-||D-^n6||^oo^a+ 

<-0+^||«l||Lri^SP"'«2|Lc.^6+||w3||LrLSP"Vi?-VL^^ 
-''max-' ' 

■ ll^"^^^6|lz,ooz,J+ 

c. Ni,N2,N3 > N. 
In this case we get 

C<(f)n§)n§)^^^ll(i^>-^(-l"2)||,J,,-||.3|U^., 

•||(D)-2(D-lu4D-1^.5)|Uri-P"'«6|lij.,.e+ 

~ jVO+ jV3- ll"l"2ll^r^^ll"3ll^r^ill-P~^"4-P~^M5|lz,ooj;,3-F||D-^M6|lz,ccj,6-F 
^ ^(lAiV°tn) An, II 

~ aaO+ /V3- 11 ll"*llx°'i+ ■ 

-'I'max-'V 

Case 2: iV > A^4 > iVs and Nq > N. 
a. A^3 > > iVi > N2. 
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By the mean value theorem we have 



6^- 



■m-^D-'u,D-'u,)\\Lr>Ly\\u,U^r.i 

-'»max-'» 

• ll^"^W5|lioci,|+||M6||L~Z,J 



i=l 



b. iVi > iV > A^2 > -/V3 (or iVi > iV » iVa > by exchanging and U3). 
Similarly as in a. we use the mean value theorem and get 

~ j:q\W4L'rLi\\u2\\L'rLi\\D~^Ui\\j^^j^s+\\D-'^uiD-^ 

-'Vmax-'v 

C. iVi > iV2 > AT > 7V3. 
We get 



~ jVO+ jV3- ll^l"^ll^r^^ll-^"^"3|lz,ocj,6+||i^~^M4-P~^M5|lz,ocj;,3+||M6||L~Z,; 



<^(iA<inlfT|U, II 

~ aaO+ /V3- 11 + 

-'I'max-'V 



d. A^i > A^a > iV3 > A/" or A^i > iV3 > iVa > iV- 

This case can be handled similarly as case c. with an additional factor ■ 

e. N3>Ni>N>N2 (or -/Vi > A^3 > -/V > A^2 by exchanging the roles of m and 
Us)- 
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We get 

■\\{D)-^D-^UiD-\,)\\L^L^\\ue\\LrLi 



I|w6||l~LJ 



^(lAiV°t) 



6 



f. A^g > A^i > 7V2 > (or iVi > iVa > TVa > N). 

This case can be treated as case a. with an additional factor {^)^~ ■ 

Case 3: Ni>N^> N. 

a. TVi, iV2, iVa < TV and iVg < A^. 

We get 

so that 

C < ^o/jv,_ ||(^)-^(^-^tXlJ:>-^t.2)ILo.^^~-||iP-^t.3|Loc^a+ 

•|K£»)-2(«4ti5)|l 3 11^-^^611^00^6+ 



J V max J* ^_-]^ 

b. iVi, iVa, iVa < and Nq > N. 

We argue similarly as in case a with an additional factor and get 

■ ||(-D)"^(U4'W5)||i,ooj,3||u6||z,ooi2 

c. A^3 > A' and iVi, A^2, iVg < iV. 

Replacing ||-D~^-U3||^oo^6+ by ||-D~^U3||l°°l6 we get the same result as in case a. 

d. iV3 > AT , NuN2 <N and N6>n/ 

The additional factor {^)^ leads to the bound 
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e.Ni>N2>N and N3,Ne < N. 
We get 

(Nl^^-(N2^^-(N^^^-(N^^^- 

jifff: c \ < \ N I \ N I y N ) y N ) 

1?1,-,?6J ^ +^2)2(a + 6)27Vl7V2Af4Af5|6ll^6| ' 

SO that 

1=1 

f . A^i > > , A^3 < and Ne > N. 
The additional factor leads to 



||(i5)-2(u4i)-^W5)||.oo^~-||«6||Lri? 



< — l|wiM2||L~Li||W3|U-Lj||W4|U-Z,j||i5"^W5||Lf LjllwelU^Lj 



< 



^(lAiV°+) ' 



jLilliiHiiiiZTTii,, II 

-'»max-'» 



g. A^i > A^2 > , ATg < iV and N3 > N. 

This case can be treated as case f. with ^3 and uq exchanged. 

h. Ni>N2>N and N3, Ne>N{=^ N^^^ > N). 
We get 



so that 

■ ||(-D)"^(w4U5)|!l~l3||u6||l2L6 
~ jyo/jye- \\^i^2\\L^Ll,\\u3\\^o,^+\\u4U5\\L^Li\\U6\\x0.i + 

1 ^ 
-I'max-'v 

i. TVi > iV > 7V2 and TVs, A/^e < A^- 
We get 

(N,^l-(N2^^-(N^^l-(N,^^- 



N!{U+^5)^N,N2\^3\N4N5\^6\ ' 
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SO that 

^ J^WJ^\\''^\\LlLl\\u2\\LlLl+\\D-^U^\\LTLt^ 

■ ||(I>)"^(M4W5)||roci3-||£'"^W6||rooj;,6+ 



1 A A^^t 



6 



j. A^i > > A^a and N^, Nq > N. 
We get 



M(a,...,^6)<^ 



^l'(^4 + e5P|6ll6|A^3iV4iV5iV6 

thus using Ni < max(7V3, A/4, N5, Nq) : 

< ^^^0+^ 11^" V III)- V II ^.^e. hall L?^ 



||(L») ^(W4W5)||roci3-||U6|lL2i6+ 



1 A /vO+ 6 

< _£^min_ TT II II 



k. A^i > A' > iVa , iVa < A" and iVe < 



This case can be handled hke j. without the factor (■^) 2 by exchanging m and 



We- 

1. TVi > TV > iV2 , 7V3 < and Ne > N. 
The mean vahic theorem gives the bound 



11(D) ^(w4U5)||rooi3-||w6||L?L6 



< 



/vo+ nii"»iix'''i+ • 

-''max-''' 



Case 4: N4>N:^ N5, Nq. 

a. N3>N>Ni> N2. 

The mean value theorem gives 



||(D)-2(^,4D-l«5)IL==i6-||D-l«6lLo.^6+ 



~ ]^F0+-^ll"l|Uri^ll^"'"2||i^~i6+||M3||L~L^ 



•h4|k~L|||i)-'w5|L~i6+||£>-lu6|Lj.iJ 



<^(iAiy^rrii» ii 
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b. A^i > A/' > 7V2 > N3. 

The mean value theorem impUes 

N2 1 

■\\{D)-^D-'u,D-'u,)\\^^^s-\\D-'ueh^^e^ 

1 A iV°t ^' 

~ Af0+ ATI- n • 

-''max-'' 

c. ./Vi > ./V > A/'s > -/V2. 

This case can be treated Hke case b. with U2 and us exchanged. 

d. A^a > iVi > TV » N2. 
We get 



-/Vi 1 -/V3 1 1 

||(i?)-2(i?-lt.4Z)-lt.5)||.oo^3-||D-lt.6||.oo^a+ 



1 A /vO+ 6 
< min ]T|U|| 

-'^max-'* ^_-[^ 

e. iVi > iVa > iV > N3. 
We get in this case 

M(a,...,C6)< 



(a+6)'iV|^lA^2|6llall^5||^6| ' 

SO that 



< 



^(lAiV°+) 



^ ,5(1 A iV°+ ^ ' 



lilliliaiiiiTT II,, 11 



f . A^i > 7V3 > TV > 7V2. 
We get 



-fI|W3||l~L| 

||i^"^«4|UooL6||£'"^W5||roci6-F||£>-^M6||roc^6-F 



< -||Ul||iooi2||D-lu2||iooi6+||u3||i=»i2 



A^Sixiv^- 

'5(1A<+) A 



ILlliJjsiiii TT lu, II 



< 

'^max 
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g. Ni>N2>N and N3 > N. 

This case can be treated as case f. with an additional factor ('^)'~- 
Case 5: N4, Nq > N :^ N5. 
a. N3>N>Nt_> N2. 

This case can be treated as case 2a, because the additional factor {^)^~{^)^' 
is harmless, when one uses N4 < max(A^3, A^e)- 

h. Ni > N :^ N2 > Ns (or Ni > N :^ Ns > N2 hy exchanging U2 and U3). 
We have by the mean value theorem 

• \\{D)-'^{UiD-'^U5)\\LooL^-\\ue\\L2L6 

■\\uiD-\4^^^l^\\ue\\^„,i + 

~ jyO+^jye- ll^lll^r^g ll"2||^o,l+ l|-P~^"3|li,ooi,g+ ||M4||l,~I,g \\D~^U5\\L^Lt+ 

■ 11^^611^0,^ + 



lAAr°t 



6 



=1 



c. iVi > A^a > > A^3- 

This case is treated like case 2c, because the additional factor {^)'^~ can 
be handled using A'4 < max(A^i, iVe). 

d. N3> Ni> N :^ N2 OT Ni> N3>N > N2. 

This case can be handled like case 2e, using N4 < max.{Ni, N3, Nq). 

e. Ni>N2>N and A^3 > N. 

This case is also treated like case 2e, because the additional factor (■^) 2^(^)2" 

is acceptable, using N2 < Ni and A'4 < max(Ari, A^a, A^e). 
Case 6: N4,N5,Ne>N. 
a. iVg >iV» Afi,iV2. 

The mean value theorem allows to estimate 



^3 ' (a +6)2(^4 +?5)2iVi|6||6|A^4A^5iV6 - TVO+xAT^- ' 
thus 

Ar°txV "^^^"'^"^^"'"^^"^^^^"^"'"^"^-^^- 

• \\{D)-^{u4U5)\\LaaL3\\ue\\L^Ll 

jyO+ jy4- II"! Wl'^li ||-D~^U2|| ^6+ llwajjifLj ||w4||i:,«i,| II^sIIl^lj II wejjLfii 

6 

nii^'i 



< 



<^(lAAaj 



i=l 



28 



HARTMUT PECHER 



h. Ni,N2,N3> N and w.l.o.g. iVi > N2 and N4> N5. 
We have 



i—l 

■ \\{D)^^{u4,D^^U5)\\^^-^^\\ue\\L^L2 

< rO+ ^r4- H"l-^ ^Wsll 3^||M3||L-L2||u4i:) ^"5 1| |+ || "6 II L-L^ 



^ ^0+ ;v4- ll"^ll^r'£x+ll-P ^W2|li=.z,6+||u3||L-L2||u4|li~-i2+||i:> ^UsHioo^e 



• II"6||l~L2 



6 



c. ^i,A^3 > > A^2. 

This case can be treated as case b. without the factor (■^)^^- 

d. Ni> N2>N > N3 and w.l.o.g. Ni> N^. 
We get 

• \\{D)^'^(u4D^^U5)\\L^L6\\ue\\L^L2 

'5(lAiV0+) 



V mil 



< 



II "6 II L-L? 



This completes the proof of (|3ip . 

We now start to consider the fifth order terms and claim 



{{W * \Iu\^)Iu - I{{W * \u\')u),I{W * \u\'))dt\ < j±-\\WIu\\l^,,^^ . (32) 



We have to show 

(5 5 5 

with 

\m{^i + 6 + 6) - ™(a)"^(6)™(e3)i 



"'llx«-i+[o,5] 



5 J 



2 

5 



We assume w.l.o.g. A^i > and Ni> N<^. 
Case 1: TV > iV4 > N^. 
a. Ni>N2>N > N3. 
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In this case we get 

■\\{D)-\D-'uiD-\,)\\^^^^- 



5(1 A ^ 



b. Afi,iV3 > iV> 7V2. 
We have 



D < (^)nf )^^||(i?>-^(^li?-V)|Ur^^ll-3||L,~LJ 

•||(i?)-2(I?-l^,4i5-lu5)||i=.ijo 



C. 7Vi,7V2,iV3 

This leads to 

•||(Z?)-2(I?-l^i4i5-ly5)||^^^^3„ 
/v3- li" + 

Case 2: > > ^• 

The additional factor (^)^^(^)5- can be compensated by replacing the last 
factor in ([55)1 by 



leading to even an improved bound. 
Case 3: 7V4 > iV > N5. 

We argue as before replacing the last factor in ([55)1 by 

This proves 

Next we claim 

{{W*\Iu\^)Iu~I((W*\u\^)u),I{{W*Reu)u))dt\ < _^||V/w||^„,i + . (34) 
We again consider D with 

j^r(, , . _ Mil + 6 + 6) - ^^(a)m(6)m(6)l 
m(6)™(6)m(e3)(ei+6)2 



m(^4 + Cs) 
m(^4)m(e5)(^4)2 
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We argue similarly as in the previous case and consider only the more difficult 

case -/V5 > A^4. 

Case 1: iV > A^5 > Ni. 

The last term in (1551) with a suitable change of the Holder exponent in the first 
factor can be replaced by 

\\{D)-^D-\HD-\5\\LrLl < \\{D)-^D-\4LrL^\\D''u5hrLt 

< \\D-\4\\l^lI+\\u5\\l^li 

leading to the same bound. 
Case 2: iVs > iV4 > N. 

The additional factor is compensated by replacing the last factor 

in (1231) by 

N;^N-^\\{D)-^D-hHD-iu4LrLl<N;^N;^\\D~iu4LrLl\\D-^U5hrLl 

Case 3: iVs > iV > N4. 
Replace the last factor in ((55)) by 

<K+\\u,hrLl\\u5\\LrLl- 

Thus (|5^ is proven. 
The next claim is 

I J\{W * \Iu\') - liW * \u\'),IiiW * \u\')u))dt\ < V/z.||^„, (35) 

We again consider D with 



....,^5) . te \^(c \lc I c \2 



m(6)™(e4)m(e5)(e3 + e4>2 

We assume w.l.o.g. A'2 > A^i and N3 > N4. 
Case 1: TV > TVg, iV4, A^5 A^i > N). 

In this case we get 

< 0+ j^2- II^1"2||l?°Li||^~^"3J''^^4|Il^oo^3+||£)~^U5||^^^^6+ 



/V2- J-J-" 



Case 2: 7V3 > iV > Ar4, A^g. 
a. iVg > iV > TVi. 
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We get 



D < Tn:rll(^)"'(^"'«i"2)IUrLsll(i?)-'(H3i5-^«4)ILoo^3 



5_ 

■ P"^W5|lz,ooi6+ 



JV2iV3 LfLS LfL^ t 



<^(iA<Un|, II 



i=l 



h. N2>Ni>N 

N J y N 



We get an additional factor {^)^ ili')^ ' which is acceptable, when one esti- 



mates as in a. 

Case 3: iVg > > N3, Ni N2 > N). 
a. Ni < N. 
We get 

^ ~ J^m-'{D-'u^U2)hrLl\\{D)-\D-'usD-'u,)h^^ 

■ ||W5||L~i2 

-'I'max-''' 



b. A^i > N. 

We get an additional factor , which can be compensated as in a. 



Case 4: N3,N4>N>N5. 
a. Af^2 > iV > Ni. 
We get 



< 



-'Vmax-'v 

b. A^i > A^. 

We get an additional factor , which can be compensated by replac- 

ing the term ||£)^^miM2|| 3+ in a. by 



Case 5: N3, N5 > N > N4. 
a. N2>N > Ni. 
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We have 

• I|w5||l?-L2 

<^(iAAOrrii. II 

b. A^2 > A^i > N. 

We get an additional factor which can be compensated by replac- 

ing the term \\D~^uiD~^U2\\]^oa]^3-ir in a. by 

\\D-'^UiD~'^U2\\l^lI+ < i_ HMl|U?°LgHM2|Ug^L^ ■ 



Case 6: N3,Ni,N^ > N. 
a. N2>N > Ni. 
We have 



• ||(i:»)"2(w3W4)||L-L3||u5||L~LJ 



< 



mill/ 



/V0+ /V3- J-J- " 
JVmaxJV 



We get an additional factor < leading to 

D < \ \\{D)-'{u^D-^U2)\\LrLt\m-'{u,u,)U^L. 

-^Vniax-^V 

• II"5||l-L^ 

< —\\uiD-\i2\\ 3\\u3U4\\L^Ll\\uro\\L^Ll 



* ni ax » 



which completes the proof of p5l) . 

Next we want to prove the following estimate: 

S r 

{{W*ReIu)Iu-I{{W*Reu)u),I{{W*\u\'^)u))dt\ < 77^||V/u||5 ^^^^^ (gg^ 

We again consider D with 

. ^ _ k(6+g2)-m(gi)m(6)| 

iW^4l, ....,^5j . — — . - , ,„ 

w(6)?7T-U2)(Cl)^ 
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and treat only the more difficult case N2 > Ni, and assume w.l.o.g. N3 > N4. We 

consider the same cases as for ([55)1 . 

In case 1 we replace || (D)~^(uiU2)|| e by 

||(L')~^uiM2|| ^ b<\\ui\\l^li\\u2\\l^li- 
In the cases 2,3 and 4a we replace \\{D)^'^{D^^uiU2)\\l^l^ by 

\\{D)-'D-\,u2\\LrLi < |p-VlLc.i«+h2llL^i^ 

In case 4b. estimate 

\\{D)-'D-'u,U2\\LrLl < Wu^Wl^liMl^li ■ 

Case 5a is essentially unchanged, whereas in Case 5b replace 

\\{D)-HD-^u,D~^U2)h^^.^\\{Dy'iusD-^u,)\\^^^e- by 

\\{D)-'D-'u,D-\2h^Ll^\\{D)-'{u3D-'u,)\\^^^^- 
^\\D^^ui\\l^l2\\D^'^U2\\^o.^2+\\u3D^^u4 ^ 3 + 

In case 6a estimate 

\\{D)-^D-'uiD-'u2\\LrLB^ < \\{D)-^D-'ui\\L^Lr\\D-^U2\\LrLB^ 

Similarly case 6b can be handled, so that (1551) is complete. 

The forth and third order terms in \{F{Iu) — IF{u), IF{u))\ turn out to be 
less critical. We omit any detailed calculations here and just refer to the recent 
paper of the author [Pej , where the following estimates were given even under the 
weaker assumption ^ 1 (compared to the property < which 

we have in the present study). We have to remark that the assumption s > | in 
that paper is not really necessary for these forth and third order terms, but could 
be replaced by s > ^, because the factors {^)^ can everywhere be replaced by 
without significance for the results. We have ([Pe], section 4.6, 4.7 and 

4.8): 

\{I{u') ~ {Iu)Mu)\dt < 7V-3+||V/^||^„..^^^_^j , 

mu') ~ {Iu)\ Iu)\dt < WVIuW^,,^^^^^^^ . 

Summarizing all our estimates in this chapter we arrive at (|17p. 
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